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The equation y” = x(x + a&x + a& ... (x -t a?) (modp), where a, , a2 ,..., a, 
are integers is shown to have a solution in integers x, y with 1 < x < C, where C 
is a constant depending only on a, , a2 ,..., a, 
Let a, , a2 ,..., a, be integers with 0 < a, < a, < ... < a, . Chowla and 
Chowla [I], have conjectured that the equation 
y2 E X(X + a&x + a21 ... (x + ~4 (mod P) (1) 
has an integer solution x, y with 1 < x ,< C, where C is a constant depending 
on a, , a2 ,..., a, and not on the prime p. This conjecture is proved with 
c = 2%. 
Let B = 2a7. We shall assume that for all X, 1 d x < B2, Eq. (1) has no 
solution and obtain a contradiction. We deduce from this assumption that 
p > B2, for otherwise (1) has a solution with y = 0. Also, for each x, 
I < x < B2, 
x(x + a,) = -x(x(x + a,) ... (x + a,-,)), (4 
where x(n) denotes the quadratic residue symbol (n/p). 
There are B distinct a,-tuples whose entries are kl, hence there exist 
integers b, , b, such that 0 < bl < b, < B and 
x(b, + 4 = x(b, + 4, n = 1, 2 ,..., a, . (3) 
Suppose b, , b, are chosen so that bl is minimal. We shall show that bl = 0. 
If b, > 1, then from (2) for i = 1, 2 
x@i + al.> = -x(bi(bi + aI> ... (bi + a,.-,)> 
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and from (3) it follows that a = x(&J, and hence that 
X(b, - 1 + 4 = (b, - 1 + n), n = 1, 2 ,..., a, . 
This contradicts that & is minimal. 
Hence there exists b < B such that 
x(4 = x(b + 4, n = I, 2 ,..., a, , (4) 
and so, using induction and (2), we deduce that (4) holds for 
iz = 1, 2 ,..., b2 - b. In particular, 
and so 
x(b) = X(2b) = ‘.’ = x(b2) = 1 
x(1) = x(2) = .‘. = x(b) = 1. 
But this implies that (1) has a solution with x = 1, which gives the required 
contradiction. 
In particular cases, one can improve on the bound b of the last section. 
For example, if ai = i, i = 1, 2 ,..., r, then equation (2) for x = n and 
x = n + 1 yields 
x(n) = x(n + r + 1) (5) 
and hence b = I + 1. If (5) holds for all n, 1 < n < (r + 1)2 - (r + l), 
then we deduce as before that (1) has a solution with x = 1. Hence there is a 
solution with x < (r + 1)” - (r + 1) + 1. This proves another conjecture 
in [l]. (For convenience, we have changed the notation-the r in the original 
conjecture needs to be replaced by r + 1.) 
To show that the bound (r + 1)2 - (r + 1) + 1 is best possible, as a 
polynomial in r, consider the case when r + 1 is a prime and p is a prime 
such that ~(4) = 1 for all primes q < (r + 1)2 except q = r + 1. For 
IZ < (r + l)“, x(n) = -1 iff (r + 1) 1 n and hence for each X, 1 < x < 
(r + 1)” - (r + 11, 
x(x(x + 1) .-. (x + r)) = -1. 
Hence the first solution of (1) is when x = (r + 1)2 - (r + 1) + 1. 
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